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We estimate the transition rates of a uniformly accelerated Unruh-DeWitt detector coupled to a 
quantum field with reflecting conditions on a boundary plane (a "mirror"). We find that these are 
essentially indistinguishable from the usual Unruh rates, viz. that the Unruh effect persists in the 
presence of the mirror. This shows that the Unruh effect (thermality of detector rates) is not merely 
a consequence of the entanglement between left and right Rindler quanta in the Minkowski vacuum. 
Since in this setup the state of the field in the Rindler wedge is pure, we argue furthermore that 
the relevant entropy in the Unruh effect cannot be the von Neumann entanglement entropy. We 
suggest, in alternative, that it is the Shannon entropy associated with Heisenberg uncertainty. 



I. INTRODUCTION 

An accelerated particle detector clicks even in the vac- 
uum. This is not surprising per se: the detector re- 
ceives energy from whichever device is accelerating it, 
and there is no reason why this energy should not be 
exchanged with the field. What is surprising, however, 
is the thermal character of these transitions in the case 
of uniform acceleration, discovered by Unruh [TJ: ther- 
mal states are states of maximal entropy — whence the 
entropy of "acceleration radiation"? 

An oft-heard explanation [5] of this puzzle traces this 
remarkable effect back to the (earlier) Fulling-Davies 
thermalization theorem [3l |4]: the Minkowski vacuum 
state of a free quantum field consists of entangled pairs 
of left and right Rindler quanta^] with Boltzmann-like 
coefficients. The argument goes as follows. Due to its 
acceleration, a detector in the (say) right Rindler wedge 
is causally disconnected from the left modes of the field, 
which vanish everywhere on its trajectory. Hence it does 
not interact with the full pure vacuum state of the field, 
but only with the mixed state obtained by tracing out 
the left degrees of freedom screened by the Rindler hori- 
zon. This mixed state is thermal by the thermalization 
theorem. For instance, Jacobson writes [5] 

"The essence of the Unruh effect is the 
fact that the density matrix describing the 
Minkowski vacuum, traced over the states in 
the region z < 0, is precisely a Gibbs state 
for the boost Hamiltonian at a "tempera- 
ture" T = 1/27T." 

In this light, the entropy of the Unruh radiation ap- 
pears to be related to the von Neumann entropy of the 
improper mixture of right Rindler quanta [SJ[7]r| 
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A "left Kindler mode' is a solution of the field equation that 

vanishes on the right Rindler wedge 0. 
2 See [8] for more references on this idea of entanglement entropy. 



If by "Unruh effect" one means the thermal charac- 
ter of the vacuum field fluctuations observable within a 
Rindler wedge, this is clearly correct. But if we restrict 
the attention just to the detector's transition rates, and 
by "Unruh effect" one means — as in Unruh's original 
work and as we do here — the thermal character of the 
detector's transition rates, then, we argue here, the story 
is subtler and there is more to learn. 

A difficulty with the entanglement interpretation of 
the Unruh effect (in the sense specified) has been pointed 
out repeatedly, e.g. in [9HTT]: it violates causality. The 
Rindler horizon of an accelerated observer depends on its 
entire worldline, with proper time ranging from minus 
to plus infinity. But a physical effect cannot depend 
on the future history of the observer. This motivated 
Schlicht to study the Unruh effect in causal terms [TU] ; 
he concluded 

"A detector which is asymptotically at rest 
for t — > ±oo, is moving for an arbitrar- 
ily long (but finite) time with almost uni- 
form acceleration and perceives an (almost) 
thermal radiation-spectrum. Because he re- 
turns from asymptotic rest to asymptotic 
rest, there is no acceleration horizon in this 
case, and no hidden degree of freedom." 

Here we present a far stronger argument against the 
reduction of the Unruh effect to a mere consequence of 
the thermalization theorem. We show that an acceler- 
ated detector continues to measure the Unruh tempera- 
ture also in the right Minkowski half-space {z > 0}, with 
reflecting boundary conditions at z = 0. In this setup 
there are no left modes in the first place and the detec- 
tor interacts with all the degrees of freedom of a pure 
state of the quantum field. If the Unruh effect were just 
a consequence of the statistical nature of the state ob- 
tained by tracing over the left modes, one would expect 
that the detector transition rates would fail to be ther- 
mal in this setup. On the contrary, we show that the 
detector records the same Unruh thermal radiation as 
without mirror. 
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This result shows that the relation between accelera- 
tion and temperature discovered by Unruh is more gen- 
eral than that determined by the entanglement entropy 
due to the screening of a causal horizon: it holds also 
for pure states of the field. In the last section, we spec- 
ulate on the possible nature of the entropy relevant in 
the general case. 

To avoid any misunderstanding, let us stress again 
that by "Unruh effect" we mean the thermality of de- 
tector transition rates for uniform acceleration in the 
vacuum. Stronger statements are sometimes implied in 
the literature (the thermalization theorem itself, Planck- 
ian transition rates, non-trivial Bogoliubov coefficients, 
etc.); this ambiguity has been a source of confusion in 
the pastj^j Here we choose to stick to Unruh's original 
operational definition of the effect. 

The transition rates of a particle detector in the pres- 
ence of a plane boundary have been discussed by several 
authors [T5rU7| . To our knowledge, however, none of 
them has drawn what we consider the salient conclusion 
of this calculation: it shows that the Unruh effect is not 
just about entanglement with hidden degrees of freedom. 

In this paper, the signature of spacetime is ( — h H — h), 
and we use geometrized units where c = h = 1. Our 
main reference on the Unruh effect is Takagi's thorough 
review IT2"1. 



II. THE CAUSAL UNRUH EFFECT 

To study the response of a particle detector in the vac- 
uum in a causal manner, we need the concept of instan- 
taneous transition rate \10\ I18j. Let x(r) be a timelike 
worldline parametrized by its proper time r, describing 
the motion of a pointlike monopole (Unruh-DeWitt) de- 
tector in the quantum vacuum. Assume the detector is 
turned on at time tq. The number of transitions per unit 
time between states with energy difference uj at time r 
is, at first order in perturbation theory, proportional to 



j-T— To 

-Rr.ro M = 2 Re / ds 
Jo 



3 w(t,t-s), (1) 



where w(t,t — s) = W(x(t), x(t — sj) is the (positive 
frequency) Wightman 2-point functional of the field eval- 
uated along the detector's worldline. When oj > 0, the 
transition corresponds to the absorption of a quantum 



3 Recall the debates on the statistics inversion in odd dimensions 
noted by Takagi .12; and on the triviality of Bogoliubov coeffi- 
cients for circular motion 1 131 114| . 

4 The 2-point function is really a bi-distribution with extended 
singularities. We refer to the papers of Louko and his students, 
e.g. 1 171 and [191 . for up-to-date discussions of regularization is- 



oj by the detector; when lo < 0, it corresponds to spon- 
taneous emission of the same quantum. 

Consider now a detector which, from the moment To at 
which it is turned on, undergoes a uniform acceleration 
with magnitude a. The causal version of the Unruh ef- 
fect states that, when t — tq a^ 1 , the rates reach a 
limit R a {oj) which is thermal at the inverse temperature 
/3 a = 2w/a [TH]. This means that the detailed balance 
condition holds: 



(2) 



Note that no assumption regarding the detector's trajec- 
tory before tq or later than t is made. In particular, the 
Rindler horizon plays no direct rolej^j 

This said, it is true, of course, that during the period 
from To to r when it is switched on, the detector only 
has a partial access to the field degrees of freedom. This 
is easy to see by going to the instantaneous rest frame 
of the detector at the switching time To. There, the 
worldline for t > tq has coordinates 



t(r) 
z(r) 



_1 sinh (a(r — To)) 
-1 cosh (a(r — r ))- 



(4) 



The hypersurface Co = {t = 0} is a Cauchy surface for 
the field. But it is apparent from Q that at any time 
t > t , the past light-cone of x(r) only contains a subset 
of Cq — Co H {z > 0}, the part of Co on the right of 
z = 0. That is, as long as it is accelerated, the detector 
is connected to only half of the Cauchy data on Co- In 
this sense the acceleration "screens" some of the field's 
degrees of freedom — and motivates the partial trace over 
{z < 0} mentioned by Jacobson. 



III. UNRUH EFFECT WITH A MIRROR 

Let us now change the setup by placing a mirror 
(Dirichlet boundary conditions^]) at z = 0, so that the 
field vanishes for z < 0. In this case, Co is not a Cauchy 
surface any longer; but its right part Cq is. And all the 
points of Cq are causally connected with the accelerated 
trajectory Q. Does the Unruh effect disappear 1 ^] 



Note also that the condition |2| does not imply that R a (u)) 
assume the Planckian form they would have if detector were 
inertial and immersed in a thermal bath with temperature j3 a . 
Indeed, for a massive Klein-Gordon field, it does not: in the 
large mass limit m — > oo, the Unruh rates read instead [12| 



(3) 



6 It is immediate to adapt the following discussion to Neumann 
boundary conditions. 

7 Before preforming this calculation we were not sure what to 
expect and we asked many of the best experts in the field: most 
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By the method of images the Wightman function W > 
in the presence of the mirror is related to the usual one 
W, namely without the mirror, by 



W>(x,y) = W(x,y)-W(x,Ry), 



(5) 



where Ry is the mirror image of y with respect to the 
z = plane. Now, by Poincare invariance, we know that 
W only depends on the invariant interval (x — y) 2 



W(x,y) = w((x-y) 2 ). 



(6) 



Locality implies furthermore that W(x,y) — > when x 
and y are spacelike separated and (x — y) 2 — > oo. This 
is the case of the points x(t) and Rx(t — s) along the 
accelerated trajectory Q: their squared proper distance 
A T (s) = (x(t) — Rx(t — s)) is given by 

A T (s) = 2a~ 2 (l + cosha(2r-s)), (7) 

where we set r = for notational simplicity. On the 
interval < s < r, we have 



A T (s) > cT 2 e Q 



(8) 



and thus the boundary term W[x(t), Rx(t — s)) quickly 
vanishes asT>a _1 . 

More specifically, if we assume that w has a power-law 
decay at large spacelike separations, viz. 



HA)| < A- fc 
for some k > 0, then we have 

\W(x(t),Rx(t- s))| < a 2/c 



2k kar 



(9) 



(10) 



Thus, when evaluated on the accelerated worldline, the 
Wightman function ([5| is essentially indiscernible from 
its value in empty space, viz. without the mirrorj^] See 
Fig. 1. 

From ([I]) and (J5J, the detector transition rates in the 
presence of the mirror read 



R>(w) = Rr(w) + B t (l>) 



(11) 



where R t (oj) is the empty space term (with the Unruh 
limit i? a (w) when ar — ^ oo), and 



B t {uj) = -2 Re / 
Jo 



ds 



"W(x{t),Rx{t - s)) (12) 



of them answered, incorrectly, that they expected no thermal 
detector's response "because there can be no thermal detector's 
response in a pure state" . 

Note that, if the decay of w is exponential instead of power-law 
(e.g. for a massive field), this difference is even more negligible: 
it is exponentially-exponentially vanishing. 




(a) W(x,x(t )) 



(b) W>{x,x(t )) 



FIG. 1. Wightman functions in the (z, t) plane, for a massless 
scalar field in empty space (a) and with a mirror at z = 
(b). The dashed hyperbolae represent uniformly accelerated 
trajectories x(t) with a = 1, the dots indicate the switching 
time ro, and the solid line {z — t} is the boundary of the 
causal past of x(r) as r — > oo. 



is the boundary term. Using (10 1, it is immediate to see 
that, as ar 



oo, 



B T {ui) =0(re- feaT ). 
Thus, the thermal limit 

R>(u) — > R a (cj) 



(13) 



(14) 



is reached also with the mirror. The absence of hidden 
field degrees of freedom does not spoil the Unruh effect. 



IV. CHOICE OF THE MIRROR'S FRAME 

An ingredient we used to arrive at this conclusion is 
the fact that, when the detector is switched on (at time 
ro), the mirror is at rest relative to the latter. What 
difference would it make if the mirror were moving to- 
wards the detector at this instant, (dz/dt)(ro) < 0? The 
answer is that the transition rates R^(u>) would start 
converging to their Unruh limit i? a (w) only after a tran- 
sient regime, during which the mirror recorrelates the 
field with itself. 

Indeed, denote t\ the time when the detector most 
approaches the mirror, (dz/dt)(ri) — 0. Then the func- 
tion A r (s) measuring the proper distance between x(t) 
and the image Rx(t — s) reads 



A T (s) = 2a~ 2 (l + cosha(2(r - n) - s)) 



(15) 



instead of Q . If T\ < r < 2t%, A t (s) has a minimum at 
s* = 2(r — ri), given by A T (s*) — Aa~ 2 . This minimum 
violates the exponential bound Q. Hence, during this 
regime, the corrective term B t {oj) does not decrease. 
Physically, this is because the mirror correlates the field 
after the u-turn of the detector with its value before 
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{3,)W(x,x(r )) (b)W>{x,x(r )) 



FIG. 2. Wightman functions in the (z, t) plane, for a massless 
scalar field in empty space (a) and with a mirror at z — 
which is now moving towards the detector when r = to (b). 
The black dots (bottom) indicate the switching time to, and 
the red dots (up) the end of the transient regime 2ti. 

the u-turn. The difference between W(x(t), x(t )) and 
W > (x(t), x(to)) for Ti < r < 2ti is clearly visible on 
Fig. 2. 

V. DISCUSSION AND OUTLOOK 

The fact that the Unruh effect persists in the presence 
of a mirror on the edge of the detector's horizon does not 
mean that the state of the quantum field in the right 
region {z > 0} is the same with and without the mirror. 
It is not. In the presence of the mirror, the state is pure; 
in the absence of the mirror, it is mixed. Observables 
different from detector rates can distinguish between the 
two cases. What our result shows is, instead, that the 
thermal character of the transition rates of a uniformly 
accelerated detector, pointed out by Unruh, cannot be 
reduced to the effect of tracing out modes behind the 
horizon; it is present also with a pure state. 

What makes this result puzzling — and therefore 
interesting — is that it blatantly contradicts a basic tenet 
of statistical physics: the connection between thermality 
and ignorance of the microstate. In normal systems, in- 
deed, temperature arises as a consequence of microscopic 
fluctuations, which prevent us from knowing the energy 
of the system. For this reason, we are led to describe it 
by means of a probability distribution over its spectrum 
of states, namely the one which is least biaised towards 
a specific state (given the macroscopic constraints) |20j . 
The extent to which this description is uncertain is mea- 
sured by the corresponding Gibbs (classical) or von Neu- 
mann (quantum) entropy. As the temperature is lowered 
down to zero, and the system is driven to its fundamen- 
tal state, this uncertainty decreases and the entropy goes 
to zero. 

In the standard setup of the Unruh effect, that is with- 
out the mirror, the Fulling-Davies thermalization theo- 



rem appears to confirm this scenario: it relates the ther- 
mal response of the accelerated detector to the ignorance 
of the state of the field in the left wedge due to its en- 
tanglement accross the edge of the wedge. The entropy 
associated to the Unruh effect can thus be tentatively 
identified as the von Neumann entanglement entropy. 
As recalled in the introduction, this insight is often con- 
sidered a key ingredient to understand the nature of the 
elusive Bekenstein-Hawking black hole entropy. 

Here, however, we are forced into a radically different 
interpretation of the Unruh effect. Since the state of the 
field in the presence of the mirror is pure, indeed, we can- 
not account for the thermality of the detector rates by 
invoking the ignorance of the microstate of the system. 
If its energy is uncertain to the accelerated detector, 
then, it must be for another reason, and the entropy 
measuring this uncertainty must be different from the 
von Neumann entropy. What is this reason, and what 
is the corresponding entropy? Besides clarifying the na- 
ture of the Unruh effect, we believe that understanding 
this point will shed new light on the problem of black 
hole entropy. 

Without entering a full discussion, we present here a 
simple speculative answer. Any state \vj) of a quantum 
system defines a probability distribution 

Pv ,(a) = |c(a)| 2 = |( a |^)| 2 (16) 

on the spectrum of any observable A of the system. Here 
| a) is the eigenstate of A with eigenvalue a, 

M=5>(a)|a) (17) 

a 

and we assume for simplicity a discrete and non degener- 
ate spectrum. This probability distribution has a Shan- 
non entropy 

S^A) = - }^p^,(a) lnp^(a) (18) 

a 

which measures the intrinsic uncertainty in the outcome 
of the measurement of A in the state \vb) due to Heisen- 
berg uncertainty relations |21j . 

Imagine we double the degrees of freedom of the sys- 
tem. Then we can associate to the state 

|*>=5>(a)|a)®|a>' (19) 

a 

where \a)' are the states of the second copy of the system. 
If we trace over the degrees of freedom of this second 
copy of the system we obtain the mixed state 

p = '£p(a)\a)(a\ (20) 

a 

which has a von Newmann entropy equal to the Shannon 
entropy of p^p and which is such that the probability 
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distribution of the outcomes of A measurements is the 
same as for tp (this is not true for other observables, 
obviously) . 

Consider this in the case of an accelerated thermome- 
ter. An (ideal) inertial thermometer is essentially a de- 
vice that couples to the energy of the field. In a thermal 
situation, its response depends on the probability distri- 
bution of energy eigenstates. The inertial vacuum state 
|0) is an eigenstate of the energy H with vanishing eigen- 
value and therefore an inertial thermometer measures a 
vanishing temperature. However, an accelerated detec- 
tor does not couple to the energy operator H (which 
generates translations in Minkowski time), but rather 
to the restriction K > of the boost generator K to the 
right Rindler mode^J which generates translations in 
proper time along its accelerated trajectory. The two 
operators H and K > do not commute, and the vacuum 
is an eigenstate of K but not of K > . Let \k) be the 
eigenstates of K > with eigenvalue k and let 

Mfc)H(0|fc)| 2 (21) 

be the probability that the accelerated detector mea- 
sures the k eigenvalue in the inertial vacuum (again, as- 
sume discrete spectrum and non degeneracy for simplic- 
ity) . Then the measurement outcomes are characterized 
by a Shannon entropy 

S (K>) = -J2Po(k)\n Po (k). (22) 

k 

Such Shannon entropy is present, and in fact is the same, 



with or without a mirror. 

In the case with the mirror, it measures the uncer- 
tainty due to the quantum fluctuations associated to 
measuring an observable (K > ) in a state (|0)) which 
is not its eigenstate. In the case without the mirror, 
this happens to correspond also to the entanglement en- 
tropy precisely as the example above: the eigenstates 
of K > are correlated with modes beyond the horizon, so 
that the entanglement entropy in p is equal the Shannon 
entropy of the pure state. The main point is that the 
probability distribution Po(k), which is the quantity of 
interest from the detector point of view, is independent 
on whether or not there are modes behind the horizon 
to be traced over. What is relevant is only the non- 
commutativity between H and K > , which determines 
the probability distribution po{k). 

Hence, we suggest that the entropy responsible for the 
relation between acceleration and temperature is not the 
von Neumann entropy of the statistical state obtained by 
tracing beyond horizon modes, but rather the Shannon 
entropy deriving from the Heisenberg uncertainty asso- 
ciated to the observable measured by the accelerated 
detector. The latter is a measurement of both quan- 
tum and thermal uncertainty, with no a priori distinc- 
tion between the two. This is concomitant with Smolin's 
suggestion that quantum and thermal fluctuations could 
be indistinguishable in a gravitational context where a 
unique algebra of observables at fixed time is in general 
non defined [22] . 

Acknowledgements. C.R. thanks Stefan Hollands for 
a useful conversation on the Unruh effect. 
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well defined. 



